Taub-NUT/Bolt-AdS solutions in Horndeski theory by Arratia, Esteban et al.
Taub-NUT/Bolt-AdS solutions in Horndeski theory
Esteban Arratia,2, ∗ Cristo´bal Corral,1, † Jose´ Figueroa,2, ‡ and Leonardo Sanhueza2, §
1Instituto de Ciencias Exactas y Naturales, Facultad de Ciencias,
Universidad Arturo Prat, Avenida Arturo Prat Chaco´n 2120, 1110939, Iquique, Chile
2Departamento de F´ısica, Universidad de Concepcio´n, Casilla, 160-C, Concepcio´n, Chile
(Dated: October 7, 2020)
We present different Taub-NUT/Bolt-anti de Sitter (AdS) solutions in a shift-symmetric sector of
Horndeski theory of gravity possessing nonminimal kinetic coupling of scalar fields to the Einstein
tensor. In four dimensions, we find locally and asymptotically locally AdS solutions possessing
nontrivial scalar field. In higher dimensions, analytical Taub-NUT/Bolt-AdS p-branes and solitons
are obtained, supported by the existence of p Horndeski scalar fields with axionic profile. The
thermodynamical properties are studied through Euclidean methods and it is found that the first
law of thermodynamics is satisfied. Moreover, constraints on the parameter space of Horndeski
gravity and NUT charge are obtained by demanding positivity of the mass, entropy, and specific
heat of the p-branes and soliton. We briefly comment on future applications in holography.
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I. INTRODUCTION
Stationary nonsingular Euclidean solutions of the Yang–Mills equations with finite action—also known as instantons—
are extremely important in quantum field theories [1, 2]. They represent nonperturbative effects at the quantum level
and they appear as the leading contribution to physical observables. In the path integral formalism, instantons pro-
vide saddle points that can be used to compute transition amplitudes between topologically inequivalent vacua [3, 4].
Their existence in Yang–Mills theories implies a nontrivial structure of the vacuum, which has observable effects at
the quantum level [5, 6].
The gravitational analog of instantons has attracted a lot of interest because one would expect that they might play
a similar role in quantum gravity (for a review see [7]). A particular class of metrics admitting such interpretation
is the Euclidean version of the one found by Taub and Newman–Tamburino–Unti [8, 9]—hereafter referred to as
Taub-NUT—whose possible observational signatures have been studied in Refs. [10, 11]. Their nontrivial topology is
characterized by a nonzero Pontryagin index that gives the number of harmonic self-dual and anti self-dual forms in
the middle dimension [12]. They are connected to the index theorem of the Dirac operator [12] and they contribute
to the axial gravitational anomaly at the quantum level [13, 14]. When the Lorentzian signature and spherical
base manifold are considered, the presence of Misner strings (the gravitational analog of the Dirac string) is usually
avoided by imposing periodicity on the time coordinate. This condition, however, implies the presence of closed time-
like curves and one is usually left with their Euclidean counterpart that is commonly interpreted as a gravitational
instanton. It is worth mentioning that the analytical continuation of this spacetime with locally hyperbolic and
flat base manifolds admits nonsingular solutions without closed time-like curves [15–17]. Additionally, the Kruskal
extension can be obtained in Lorentzian signature by abandoning the periodicity of the time coordinate [18]. In fact,
recent developments show that the resulting spacetime is geodesically complete, free from pathologies for free-falling
observers, and its extended phase thermodynamics is absent of negative thermodynamical volume [19–21]; something
that is not guaranteed in the Euclidean case [22, 23].
An interesting application of Taub-NUT geometry is the construction of the Kaluza–Klein monopole [24, 25], which
has motivated different studies from theoretical physics to differential geometry [26–29]. The Taub-Bolt solution,
on the other hand, is endowed with a horizon and it resembles Euclidean black holes [30]. Due to this, their ther-
modynamical properties is an interesting and active research area, ranging from their extended phase structure to
holographic heat engines [21, 22, 31–35]. One of the most remarkable properties of this space is the breakdown of
the area/entropy relation by the presence and nontrivial contribution of Misner strings [36–38]. Holographic aspects
of spacetimes possessing NUT charge have been studied in the context of Kerr/CFT correspondence for the Kerr–
NUT–AdS black holes [39–42]. Indeed, holographic fluids with nontrivial vorticity can be described at the boundary
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2by considering bulk geometries with NUT charge [43–46]. Some Taub-NUT/Bolt solutions have been found beyond
general relativity (GR), for instance, in the low-energy limit of string theory [47–49], in Lovelock gravity [50–53]
and beyond [54], in conformally coupled theories [55], Chern–Simons modified gravity [56], and in gauge theories of
gravitation [57, 58].
On the other hand, the low-energy limit of ultraviolet completions of gravity theories [59–62] usually predicts scalar
fields in their particle spectrum [63, 64] as well as higher-curvature corrections to the action principle [65]. In fact,
the dimensional reduction of the latter also induce scalar fields on the effective theory [66, 67]. From the viewpoint
of AdS/CFT correspondence, scalar fields are relevant when describing strongly coupled systems [68–70], since they
introduce new sources in the dual quantum field theory at the boundary. They can be used to describe holographic
superconductors [71–73], as well as mesons through the AdS/QCD program [74–76]. These facts show that scalar
fields play an important role in our current description of nature.
In gravitation, the most general scalar-tensor theory in four dimensions having similar features of GR, namely
diffeomorphism invariance and second-order field equations, is known as Horndeski’s theory of gravity [77]. Its space
of solutions is endowed with hairy black holes [78–82], boson stars [83], and neutron stars with polytropic and realistic
equations of state with and without rotation [84, 85]. In the context of holography, different aspects of this theory
have been explored, for instance, asymptotically Lifshitz black holes with fractional critical exponent [86], holographic
entanglement entropy [87], and models with spontaneous momentum dissipation [88–93], among others [94, 95].
Recently, holographic heat engines were analyzed in Ref. [96], as well as complexity growth [97], and the holographic
AC charge transport [98]. The thermodynamics of these solutions has been explored in Refs. [88, 99] and it has been
shown that Euclidean methods do not yield to the same result for the entropy when compared to the Noether–Wald’s
formalism [100]. From a cosmological viewpoint, these theories produce the accelerated expansion of the Universe
without the cosmological constant problem (for a review see [101]) and a particular sector is compatible with the
constraints imposed by multimessenger astronomy [102–109].
The aim of this work is to show that Taub-NUT/Bolt-AdS solutions also exist in a particular sector of Horndeski
gravity. To this end, we focus on the nonminimal derivative coupling of the scalar field to the Einstein’s tensor
and found different solutions. First, we obtain the zero mode of the Horndeski scalar propagating in a Taub-NUT
background and show that their energy density vanishes at the fixed points, while the norm of the conserved current
associated to the shift symmetry diverges. However, it is well-known that this condition can be removed by demanding
the radial component of the scalar current to vanish. A finite scalar current on the horizon is a desirable physical
conditions even in absence of scalar field’s backreaction. Then, we consider their backreaction and demand regularity
of the conserved current at the fixed points. We obtain a locally Euclidean AdS solution sourced by a self-gravitating
scalar field whose on-shell energy-momentum tensor gravitates as a cosmological constant. The thermodynamical
properties of the solution are found through Euclidean methods [110] by introducing proper counterterms that regu-
larize the on-shell action [111]. Afterward, we analyze the behaviour of the metric near the one and two-dimensional
set of fixed points and solve the system numerically to find asymptotically locally Euclidean AdS solutions. We com-
pute the mass of the numerical solution analytically by evaluating the renormalized boundary stress-energy tensor
at infinity [112]. In higher dimensions, we found Taub-NUT/Bolt-AdS analytical p-branes by considering a product
space between the Hopf-fibered Ka¨hler space and Rp, supported by p nonminimally coupled Horndeski scalars with
axionic profile. We obtain constraints on the parameter space by demanding positivity on the entropy and specific
heat.
The article is organized as follows: In Sec. II, we describe the particular sector of Horndeski theory we are interested
in, together with their field equations. Section III is devoted to give a brief review about the Taub-NUT/Bolt geometry
and their regularity conditions. In Sec. III A, we revisit the vacuum solution obtained for Horndeski theory with a
constant scalar field for the sake of completeness. Then, in Sec. III B we solve analytically the zero mode of the
Horndeski scalar propagating in a Taub-NUT background. In Sec. III C we consider their backreaction and present
a locally Euclidean AdS space with nontrivial scalar field and an asymptotically locally Euclidean AdS numerical
solution, alongside their thermodynamical properties. Next, in Sec. IV we present analytical Taub-NUT/Bolt-AdS
p-branes and solitons by considering scalar fields with axionic profile. Finally, in Sec. V we present the conclusions
and final remarks.
Throughout this work we use the following conventions: metric signature (−,+, ...,+), the Riemann tensor is defined
as Rλρµν = ∂µΓ
λ
ρν + ..., the Ricci tensor is Rµν = R
λ
µλν , and the Ricci scalar R = g
µνRµν . Moreover, the shorthand
notation A[µν] =
1
2 (Aµν −Aνµ) and A(µν) = 12 (Aµν +Aνµ) will be used. We work mainly with Euclidean signature,
although the action in the next section is given for the Lorentzian case. Thus, one should bear in mind a global minus
sign when computing the Euclidean action.
3II. HORNDESKI THEORY OF GRAVITY
Horndeski theory of gravitation is described by the most general action principle constructed out of the metric and a
scalar field that leads to second-order field equations [77]. It has the same symmetries as GR, namely, diffeomorphism
and local Lorentz invariance. In this work, we shall focus on a specific shift-symmetric sector—also known as covariant
Galileons [113]—described by the nonminimally coupled action principle [94, 95]
I[gµν , φ] = IH + IGHY + ICT, (1)
where
IH =
∫
V
dDx
√−g
[
κ(R− 2Λ)− 1
2
(αgµν − βGµν)∇µφ∇νφ
]
≡
∫
V
dDx
√−g LH , (2)
IGHY = 2κ
∫
∂V
dD−1
√−h K, (3)
ICT =
∫
∂V
dD−1
√−h
[
ζ1 + ζ2R+ ζ3RµνRµν + ζ4R2 + ζ5G + ζ6hµν∇µφ∇νφ+ ζ7hµν∇µφ∇νφ+ . . .
]
. (4)
Here, κ = (16piG)−1 is the gravitational constant, Gµν = Rµν − 12gµνR is the Einstein’s tensor, while α and β
are constants that control the canonical and nonminimal kinetic terms of the scalar field, respectively. Moreover,
hµν = gµν − nµnν is the induced metric on the boundary ∂V, h its determinant, and nµ is a space-like unit normal
vector with nµn
µ = 1 and nµhµν = 0. The extrinsic curvature associated to these hypersurfaces can be expressed as
Kµν = hλµ∇λnν , whose trace is K = gµνKµν . Additionally, G = R− 4RµνRµν +RµνλρRµνλρ is the Gauss–Bonnet
term of the boundary, whose pieces Rµνλρ, Rµν = Rλµλν , and R = gµνRµν represent the Riemann tensor, Ricci
tensor, and Ricci scalar associated to hµν , respectively, that can be obtained from the Gauss–Codazzi equation and
contractions thereof.
The Gibbons–Hawking–York (GHY) term [110, 114], IGHY, is added such that the metric sector has a well-posed
variational principle with Dirichlet boundary conditions. Indeed, the generalization of this term for scalar-tensor
theories of the Horndeski family was found in Ref. [115]. However, when a scalar field with radial dependence is
considered, the aforementioned generalization reduces solely to the GHY term for the particular sector of Horndeski
theory we are interested in [94]. The counterterm, ICT, is composed by the Emparan–Johnson–Myers counterterm [111]
and additional scalar terms proposed in Ref. [95]. These terms are included to regularize the action for configurations
with locally AdS asymptotics and they are relevant in the scheme of holographic renormalization. Moreover, it has
been recently shown that, in vacuum, it coincides with the methods of Kounterterms when the Weyl tensor vanishes
at the boundary [116].
The field equations derived from action (1) are obtained by performing stationary variations with respect to the
metric and scalar field, giving
Eµν ≡ Gµν + Λgµν − α
2κ
T (1)µν −
β
2κ
T (2)µν = 0, (5a)
E ≡ ∇µJµ = 0, (5b)
respectively, where
T (1)µν = ∇µφ∇νφ−
1
2
gµν∇λφ∇λφ, (6)
T (2)µν =
1
2
∇µφ∇νφR− 2∇λφ∇(µφRλν) −∇λφ∇ρφRµλνρ
− (∇µ∇λφ)
(∇ν∇λφ)+ (∇µ∇νφ)φ+ 1
2
Gµν∇λφ∇λφ
− 1
2
gµν
[
(φ)2 − (∇λ∇ρφ)
(∇λ∇ρφ)− 2∇λφ∇ρφRλρ] , (7)
Jµ = (αgµν − βGµν)∇νφ. (8)
As mentioned in Sec. I, the space of solutions of this theory has been widely explored in different contexts and a
plethora of analytical and numerical results have been found. In this work, we are interested in Euclidean stationary
configurations with regular scalar profile at the fixed points. These solutions have not been considered in the literature
and they are relevant for their distinct applications exposed in the Introduction. To this end, we focus on Taub-
NUT/Bolt-AdS geometry to solve the field equations (5). The main properties of the latter and principal results are
presented in the next section.
4III. FOUR DIMENSIONAL EUCLIDEAN TAUB-NUT/BOLT-ADS SOLUTIONS
In the following, we focus on the inhomogeneous family of Euclidean metrics proposed in Ref. [117].1 They are
constructed on complex line bundles over Ka¨hler manifolds as
ds2 = f(r)
(
dτ + 2nA(k)
)2
+
dr2
h(r)
+ (r2 − n2)dΣ2(k), (9)
where τ is the Euclidean time, n is the NUT charge, and dΣ2(k) denotes the line element of the base manifold with
constant curvature k = ±1, 0, for spherical, hyperbolic, and flat sections, respectively. These bundles are labelled by
the first Chern number at infinity which is related to the NUT charge [36]. The Ka¨hler potential A(k) for the different
base manifolds can be expressed as (see for example Ref. [55])
A(k) =

cos θdϕ when dΣ2(k=1) = dθ
2 + sin2 θdϕ2,
1
2 (θdϕ− ϕdθ) when dΣ2(k=0) = dθ2 + dϕ2,
cosh θdϕ when dΣ2(k=−1) = dθ
2 + sinh2 θdϕ2.
(10)
The real fundamental form Ω(k) associated to the Ka¨hler metric of the base manifold is defined through Ω(k) = dA(k).
The line element for k = 1 coincides locally with the one of CP1, however, this accident only occurs in four dimensions
since no hyperspheres Sp admit Ka¨hler structures for p > 2 [118]. The magnetic part of the Weyl tensor is turned on
by NUT charge and the latter is generically interpreted as the magnetic mass of the geometry [119–122].
In order to have regular Euclidean hypersurfaces with either zero or two-dimensional fixed point—also referred to
as nuts or bolts [25, 30], respectively—, the following conditions on the metric functions must met
For NUT: f(r)
∣∣
r=n
= 0 and
√
f ′(r)h′(r)
∣∣∣
r=n
=
4pi
βτ
, (11a)
For Bolt: f(r)
∣∣
r=rb
= 0 and
√
f ′(r)h′(r)
∣∣∣
r=rb
=
4pi
βτ
, (11b)
where prime denotes differentiation with respect to r, βτ represents the period of the Euclidean time, and the horizon
of the Taub-Bolt solution satisfies rb > n. On the other hand, when k = 1, avoidance of Misner strings imposes that
βτ = 8pin. This condition, when combined with the absence of conical singularity ensured by the conditions (11),
relates rb with the NUT charge. For the sake of completeness, we review the vacuum case of Horndeski theory (1) in
the next section.
A. Vacuum case
It is instructive to analyze first the vacuum solution, namely φ(r) = constant, such that the theory reduces to GR.
In this case, the Klein–Gordon equation is automatically satisfied and the metric functions that solve the Einstein’s
field equations are
f(r) = h(r) = k
(
r2 + n2
r2 − n2
)
− 2MGr
r2 − n2 −
Λ
3
(
r4 − 6n2r2 − 3n4)
r2 − n2 . (12)
Here, M is an integration constant related to the mass, as it can be obtained from the Euclidean on-shell action [111] or
by evaluating the regularized boundary stress-energy tensor at infinity [112]. This metric reduces to the Schwarzschild-
AdS black hole with Euclidean signature in the limit n→ 0.
For the Taub-NUT case, the regularity condition (11a) implies that
MG = kn+
4
3
Λn3, (13)
and it is straightforward to read βτ = 8pin/k. The cases k = −1, 0 lead to negative period and noncompactness of the
Euclidean time, respectively (see Ref. [54]). For k = 1, the space is topologically equivalent to R4 since it represents
1 Euclidean signature will introduce a global sign flip to the action (1), leaving the field equations unaffected. This change, however,
should be taken into account when computing the on-shell Euclidean action for thermodynamical purposes.
5the Hopf fibration of the Euclidean time over S2. In this case, the Weyl tensor is globally self-dual and the solution
has zero magnetic mass as defined in Ref. [121]. Thus, it can be regarded as a ground state labelled by the NUT
charge, similar to self-dual instantons in Yang–Mills theory [123].
In the Taub-Bolt case, on the other hand, the solution is endowed with a horizon at r = rb > n [30] and the
regularity conditions (11b) imply that the integration constant is fixed as
MG =
k
2rb
(
r2b + n
2
)− Λ (r4b − 6n2r2b − 3n4)
6rb
. (14)
Here, however, the Weyl tensor is no longer globally self-dual even without the cosmological constant. It is direct to
check that the period of the Euclidean time in this case is given by
βτ =
4pirb
k − Λ (r2b − n2)
. (15)
Additionally, when k = 1, the absence of Misner strings demands βτ = 8pin which, in turn, impose a relation between
rb and n, that is
rb = −1±
√
1 + 16Λn2 (Λn2 + 1)
4Λn
. (16)
The condition rb > n must be met alongside the positivity of the argument of the square root of Eq. (16). These two
restrictions impose a range of values for the NUT charge such that the Taub-bolt solution exists.
In the next section, we obtain analytically the zero mode of the Horndeski scalar propagating on the Taub-NUT/Bolt
background by solving the Klein–Gordon equation for a nonminimally coupled scalar field to the Einstein’s tensor.
B. Horndeski scalar zero mode in the Taub-NUT background
In the test field limit, the scalar field’s zero mode with radial profile, i.e. φ = φ(r), satisfies a Klein–Gordon
equation (5b) on the Taub-NUT/Bolt-AdS background that is
α+ Λβ
r2 − n2
d
dr
[(
r2 − n2) fφ′] = 0, (17)
where f = f(r) is given in Eq. (12). This equation admits the first integral of motion
φ′(r) =
µ
(r2 − n2) f , (18)
where µ is an integration constant.
The energy-momentum tensor of the Horndeski scalar can be defined as Tµν = αT
(1)
µν + βT
(2)
µν . Projecting onto the
temporal component of the latter through the orthonormal frame eµa, i.e. Tab = e
µ
ae
ν
bTµν , the energy density of the
zero mode on the Taub-NUT-AdS background is given by
ρ(r) = T00 = f
−1Ttt =
µ2
18f (r2 − n2)5
{
2
[
3r2 + 2n2
] [
k
(
r2 + n2
)− 2GMr]− (r2 − n2)3
− Λ
3
(
9r6 − 41n2r4 − 33n4r2 − 15n6)}. (19)
It is straightforward to check that it vanishes at the zero or two-dimensional fixed points, i.e. r → n or r → rb, for
nuts and bolts, respectively. Asymptotically, their energy-momentum tensor behaves as the cosmological constant
since ρ(r) ∼ −Λr2/3. However, the norm of the scalar current given by Eq. (5b) is divergent at the fixed points.
It is well-known that this problem can be circumvented by demanding the vanishing of the radial component of the
current for a self-gravitating scalar field (see for instance Ref. [78–80, 124]).
In the following, we consider the backreaction of Horndeski scalars to obtain analytical and numerical solutions to
the field equations (5) by imposing regularity of the scalar current at the fixed points.
6C. Taub-NUT/Bolt solutions with self-gravitating scalar field
In order to find Euclidean solutions with self-gravitating scalar field, we focus on the particular case k = 1 and
consider a radial ansatz φ = φ(r). To ensure regularity of scalar current’s norm at the fixed points, the restriction
Jr = 0 must be met [124], that is,
Jr = (αgrr − βGrr)φ′ = 0. (20)
Thus, nontriviality of the scalar field demands a relation between the metric functions that can be read from the
branch (αgrr − βGrr) = 0. This allows one to evade the no-hair theorem of Ref. [125] and it relates the metric
functions according to
h(r) = −f
{
fβn2 − (r2 − n2) [β + α (r2 − n2)]}
rβ [(r2 − n2) f ′ + rf ] . (21)
This condition automatically solves the Klein–Gordon equation (5b). Then, Err = 0 is solved by the scalar field
φ′ 2(r) = −2rκ
(
r2 − n2)2 (Λβ + α) [(r2 − n2) f ′ + fr]
f
[
α (r2 − n2)2 + β (r2 − n2)− βfn2
]2 . (22)
Replacing (21) and (22) into Ett = 0, we obtain the master equation for the remaining metric function f(r) as
0 =
[
fβn2 − (r2 − n2) (β + α [r2 − n2]) ][ (Λβ − α) (r2 − n2)2 − 2β {r2 − n2 (f + 1)} ]f ′′
− βn2
[
(Λβ + 3α)
(
r2 − n2)2 + 2β {r2 − n2 (f + 1)} ]f ′2 + 1
r (r2 − n2)
[
2β2n4
(
n2 + 7r2
)
f2
− βn2 (r2 − n2){ (Λβ − 3α)n4 + (4β − 8Λβr2 − 18αr2)n2 + (7Λr4 + 18r2)β + 21αr4}f
+
(
r2 − n2){Λβ2 (2r6 − n6 + 4n4r2 − 5n2r4)− αn2 (Λβ − α) (r2 − n2)3
+ β
[
3α
(
2r6 + n6 − 3n2r4)+ 2β (2r4 − n4 − n2r2)] }]f ′ + 1
r (r2 − n2)2
[
8f3β2n4r3
− 4n2βr3 (r2 − n2) [2Λβ (r2 − n2)+ 3α (r2 − n2)+ 2β] f2 + 2r3 (r2 − n2)3 {2Λβ2
+ α (Λβ − α) (r2 − n2)}f]. (23)
This is a second-order nonlinear equation that is rather challenging to solve analytically. In particular, when n→ 0, it
is solved by the Euclidean version of the black hole reported in Refs. [79, 80]. When the NUT charge is nonvanishing,
further progress can be done numerically. However, before presenting the numerical solutions, we show the existence
of a nontrivial scalar profile that generates a locally Euclidean AdS ground state with an effective curvature radius.
This configuration is discussed next.
1. Locally Euclidean Taub-NUT-AdS solution with nontrivial scalar field
Although Eq. (23) looks challenging, it admits the following analytical solution with a nontrivial scalar profile
f(r) =
r2 − n2
4n2
, (24a)
h(r) =
[
r2 − n2] [3β + 4α (r2 − n2)]
12βr2
, (24b)
φ(r) = φ0 ±
√−6κ (Λβ + α)
2α
ln
[
3β + 4α
(
r2 − n2)] , (24c)
where φ0 is an integration constant that, by virtue of the shift symmetry φ→ φ+constant, can be set to zero without
loss of generality. Reality conditions on the scalar field implies that Λβ+α < 0. Moreover, it is direct to see that this
7solution has a nut since it vanishes at r = n and the period of the Euclidean time is given by βτ = 8pin. Thus, their
Hawking’s temperature is T = (8pin)
−1
. This metric has ten Killing vectors and it is locally AdS4 with Euclidean
signature, whose Riemann tensor is
Rλρµν = −2α
3β
δλ[µδ
ρ
ν]. (25)
The effective curvature radius can be read off from the last expression as `−2eff =
α
3β and it is direct to check that it
has a vanishing Pontryagin density. On the other hand, the stress-energy tensor of the Horndeski scalar gravitates
on-shell as a cosmological constant, i.e.(
T (1)µν + T
(2)
µν
) ∣∣∣
on−shell
=
(
α
β
+ Λ
)
gµν . (26)
This behaviour renders the one of Ref. [82] and it generalizes their scalar field’s configuration in presence of the NUT
charge.
The thermodynamics of this solution can be obtained from the quantum statistical relation lnZ ≈ −I to lowest
order in the saddle-point approximation, where Z is the partition function and I is the Euclidean on-shell action [110].
The relevant quantity for computing the latter is the Horndeski Lagrangian evaluated at the Taub-NUT ansatz, i.e.
LH = κ
[
− f
′′ h
f
+
f ′2h
2f2
−
(
h′
2f
+
2hr
f (r2 − n2)
)
f ′ − 2h
′r
r2 − n2 +
2
[(
r2 − n2) (1− h)− n2 (f − h)]
(r2 − n2)2 − 2Λ
]
− α
2
hφ′2 +
βhφ′2
2f (r2 − n2)
[
f ′hr − f + fhr
2 + f2n2
r2 − n2
]
. (27)
To calculate the GHY term and the counterterms that regularize solutions with local AdS asymptotics, the extrinsic
and intrinsic curvature scalars associated to a space-like unit vector nµ are needed, which are respectively given by
K =
√
h
[(
r2 − n2) f ′ + 4fr]
2f (r2 − n2) and R =
2
[
r2 − n2 (1 + f)]
(r2 − n2)2 . (28)
The higher-curvature contributions and scalar derivative terms are subleading in D = 4 for the asymptotic expansion
and they do not contribute in this case. Moreover, the boundary Gauss–Bonnet term vanishes identically for D = 4
and it contributes only if D ≥ 5. The Euclidean on-shell action evaluated at the solution (24) is finite provided that
the counterterms in Eq. (4) are chosen such that
ζ1 =
2κ (Λβ − α)√
3αβ
and ζ2 = −κ
√
3β (Λβ + 3α)
2α3/2
. (29)
These values of the parameters guarantee that the action is finite as r →∞. Thus, the regularized Euclidean action
for the solution (24) is
Ireg =
3piβ (Λβ + 2α)
2Gα2
. (30)
The free energy, mass, entropy, and specific heat can be obtained from this expression as
F = βτIreg, M = ∂Ireg
∂βτ
, S = βτ ∂Ireg
∂βτ
− Ireg, C = −βτ ∂S
∂βτ
, (31)
respectively. Notice that the Euclidean action (30) does not depend on the period of the Euclidean time. Therefore, its
thermodynamical massM vanishes. Even more, since the solution is locally AdS, its Weyl tensor vanishes identically.
This implies that its magnetic mass is zero, similar to what happens with the Taub-NUT solution [121]. We interpret
this configuration as a ground state which is disconnected of global AdS by the presence of a nontrivial stealth-like
scalar field. Thus, if a background subtraction prescription would have been used, this solution may regularize the
Euclidean action as in Ref. [36].
On the other hand, it is well-known that the Misner string contributes nontrivially to the entropy in spacetimes
with spherical section, as in the case under study here (see for instance Ref. [37]). For the solution in Eq. (24), the
entropy arises purely from the Misner string, giving
S = −3piβ (Λβ + 2α)
2Gα2
. (32)
8One can notice that the entropy does not depend on the period of the Euclidean time either. This implies that the first
law of thermodynamics is trivially satisfied and the specific heat of this solution vanishes. The free energy decreases
as the inverse of the Hawking’s temperature as it can be seen from F = βτIreg. Thus, in order for the entropy to be
positive definite, the constraint Λβ + 2α < 0 must be met. Compatibility of the latter with real scalar fields and the
absence of ghosts implies that Λ < 0, β > 0, and 0 < α < −Λβ/2.
In the next section, we obtain Euclidean numerical asymptotically locally AdS solutions with nontrivial scalar
profiles in Horndeski gravity. To this end, first we study first series solution near the fixed points of nuts and bolts,
respectively.
2. Asymptotically locally Euclidean AdS Taub-NUT/Bolt solutions
In order to solve the system numerically, we need to obtain initial values compatible with the field equations. For
NUT, the regularity conditions (11a) imply that the metric function admits a series expansion near r = n as
f(r) = f1
[
(r − n) + f2 (r − n)2 + f3 (r − n)3 + f4 (r − n)4 + . . .
]
. (33)
Inserting this expression into Eq. (23) an solving for each order of (r−n), it is found that f1 is completely determined
by the field equations, giving f1 =
1
2n . Moreover, every coefficient fi with i ≥ 3 can be obtained recursively in terms
of f2 that remains as a free parameter. For instance, the values of the first coefficients are explicitly given by
f3 =
1
48n2
[
40Λn2 + 30nf2 + 9
]
[2nf2 − 1] , (34)
f4 =
1
144β2n3
[
160Λ2β2n4 − 128Λαβn4 + 336Λβ2n3f2 − 64α2n4 + 126β2n2f22
+ 12Λβ2n2 + 9β2nf2 − 18β2
]
[2nf2 − 1] , (35)
an so on. If f2 = 1/(2n), all the coefficients fi vanishes for i ≥ 3, and this solution reduces to the ground state
discussed in the previous section [cf. Eq. (24)]. Thus, in order for the numerical solutions to deviate from Eq. (24)
while approaching to (25) asymptotically, f2 must be subjected to the condition f2 6= 1/(2n). Additionally, the period
of the Euclidean time in this case is given by βτ = 8pin.
Then, we proceed to solve Eq. (23) numerically. First, we notice that the master equation for f(r) is singular when
r = n. Therefore, we introduce a regulator  1, such that the initial conditions read
f(r = n+ ) = f1
(
+ f2
2 + f3
3 + . . .
)
, (36a)
f ′(r = n+ ) = f1
(
1 + 2f2 + 3
2f3 + . . .
)
. (36b)
We consider up to cubic order in  to enhance numerical precision. The metric functions and curvature invariants are
plotted in Fig. 1 and Fig. 3 for different values of f2, respectively.
For bolt, on the other hand, the metric function admits a series expansion near the horizon r = rb, with rb > n, as
f(r) = f¯1
[
(r − rb) + f¯2 (r − rb)2 + f¯3 (r − rb)3 + f¯4 (r − rb)4 + . . .
]
. (37)
The absence of conical singularities expressed in terms of the regularity conditions (11b), relates the free parameter
f¯1 with the period of the Euclidean time βτ through
f¯1 =
16pi2βrb
β2τ [α (r
2
b − n2) + β]
, (38)
where the solution of h(r) in Eq. (21) has been used. Moreover, avoidance of Misner strings impose the relation
βτ = 8pin for Taub-Bolt, relating the parameter f¯1 with rb. Thus, the Hawking temperature of this solution is
T = (8pin)−1. Additionally, since α and β must be positive for avoidance of instabilities [88] and for consistency with
solar system tests [126], we found that f¯1 > 0 by virtue of rb > n.
Analogous to the NUT case, inserting the series expansion (37) into Eq. (23) and solving for each order of (r− rb),
we find that there is no additional relation between rb and n, in contrast to GR and theories with higher-curvature
9FIG. 1: Numerical solution of Eq. (23) with α = 4, β = 1, Λ = −10, n = 1, and initial conditions (36). Here, we defined
f¯(r) = f(r)
`2eff
r2
and h¯(r) = h(r)
`2eff
r2
. The function f¯(r) reaches different asymptotic values when varying f2, which is related
to the fact that `∞ remains arbitrary in Eq. (41). On the other hand, asymptotically h(r) = r2/`2eff + . . . for arbitrary values
of `∞ and µ1, with `−2eff =
α
3β
. Thus, h¯(r)→ 1 as r →∞. The case f2 = 0.5 represents the ground state given by Eq. (24).
FIG. 2: Numerical solution of φ′(r) [c.f. Eq. (22)] according to the evolution of f(r) in Fig. 1. Recall, the energy-momentum
tensor of the scalar field gravitates as an effective cosmological constant as r →∞ since the system approaches asymptotically
locally to the Euclidean AdS space in Eq. (24).
terms [50–54]. Moreover, every coefficient f¯i with i ≥ 2 is obtained recursively in terms of f¯1, and therefore, completely
determined in terms of rb and the parameters of the theory. The leading term is
f¯2 =
1
2rb (r2b − n2) [(r2b − n2)α+ β] [(r2b − n2) (Λβ − α)− 2β]
[
α2n2
(
r2b − n2
)2
+ αβ
(
r2b − n2
) [
n4Λ + 6r2b +
(
3− Λr2b − 3rbf¯1
)
n2
]
+ β2
[(
rbf¯1 + 1
)
Λn4 − (Λr3b f¯1 + 3Λr2b + 2rbf¯1 − 2)n2 + 2r4bΛ + 4r2b] ], (39)
and we do not include f¯i with i ≥ 3 for the sake of simplicity, since they are cumbersome and not very illuminating.
The key point is that they are all determined by rb and the parameters of the theory through f¯1 [cf. Eq. (38)]. Then,
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FIG. 3: Curvature invariants for Taub-NUT with α = 4, β = 1, Λ = −10, and n = 1, using different values of f2. The case
when f2 = 0.5 represents the ground state of Eq. (24a) and all the curvature invariants remain constant.
for bolt we solve numerically Eq. (23) with initial conditions
f(r = rb) = 0 and f
′(r = rb) = f¯1, (40)
for different values of f¯1. The numerical evolution of the metric functions and curvature invariants are given in Fig. 4
and Fig. 6 for different values of f¯1, respectively.
To obtain the mass of the solution, we need to know the asymptotic behaviour of the metric function f(r). To this
end, we perform the series expansion
f(r) =
r2
`2∞
+ µ∞ − µ1
r
+
µ2
r2
+
µ3
r3
+ . . . , (41)
as r →∞. Replacing this expression into Eq. (21), we find that h(r) = r2/`2eff + ... at large r, independent of the value
of `2∞ (recall `
−2
eff =
α
3β ). Indeed, it yields asymptotically to the Riemann curvature of Eq. (25) for arbitrary coefficients
in the expansion (24a). Therefore, we conclude that this solution is asymptotically locally AdS with curvature radius
`−2eff =
α
3β and it generalizes the black hole of Ref. [80] by introducing the NUT charge.
Then, we proceed to determine the coefficients of Eq. (41) from the field equations. To do so, we insert the
expansion (41) into the master equation (23) and solve for each order at large r. We find that `∞ and µ1 remain
11
FIG. 4: Numerical solution of Eq. (23) with initial conditions (40). Here, we have used f¯(r) = f(r)
`2eff
r2
, h¯(r) = h(r)
`2eff
r2
, and
f¯1 has been defined in Eq. (38). The parameters of the theory have chosen as α = 4, β = 1, Λ = −10, n = 1, and therefore,
0 < f¯1 < 1/4. Since rb > n, the upper bound of f¯1 is translated into rb → n and the lower one to rb →∞. The distinct
starting points of h¯(r) are related to the fact that the Taub-bolt radius rb →∞ as f¯1 → 0, and r > rb.
FIG. 5: Numerical solution of φ′(r) [c.f. Eq. (22)] for the bolt case. As in Taub-NUT, the energy-momentum tensor of the
scalar field behaves as an effective cosmological constant at infinity since the system approaches asymptotically locally to the
Euclidean AdS space in Eq. (24). Additionally, the distinct starting points in this figure are related to the fact that the
Taub-bolt radius rb →∞ as f¯1 → 0, and r > rb, similar to the metric function h¯(r) [cf. Fig 4].
arbitrary, while the other coefficients are fixed in terms of the latter as
µ∞ = − 1
α`2∞ (Λβ − α)
[
9αβ + 3Λβ2 + αn2 (Λβ − α)− 12βn
2 (Λβ + 3α)
`2∞
]
, (42)
µ2 = − 3β
2
[α`∞ (Λβ − α)]2
[
(Λβ + α)
2 − n
2
(
11Λ2β2 + 46Λαβ + 59α2
)
`2∞
+
4n4
(
7Λ2β2 + 38Λαβ + 55α2
)
`4∞
]
, (43)
µ3 = −µ1n
2
2
[
1− 3β (Λβ + 3α)
α`2∞ (Λβ − α)
]
, (44)
and so on, where Λβ − α 6= 0. If the critical case, i.e. Λβ − α = 0, would have been taken beforehand, the system
degenerates as shown in Ref. [82]. In contrast to the solution of Ref. [80], here the presence of the NUT avoids one
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FIG. 6: Curvature invariants for Taub-bolt with α = 4, β = 1, Λ = −10, and n = 1, using different values of f¯1. As
explained in Fig. 4, the different starting points are due to the fact that rb →∞ as f¯1 → 0 and r > rb. The asymptotically
locally AdS behaviour of this solution becomes evident from these plots.
to eliminate any of these free coefficients through a redefinition of the Euclidean time as it can be seen from the
off-diagonal pieces of Eq. (9). However, compatibility of the scalar field with asymptotically AdS symmetry imposes
an additional relation between the parameters of the solution [127, 128]. Since Taub-NUT/Bolt-AdS determines its
own asymptotic behaviour, we conjecture that a similar relation should arise by demanding boundary conditions for
the scalar field compatible with the asymptotic symmetries of Eq. (9).
Next, we employ the formalism of Balasubramanian–Krauss [112] to compute the mass. The renormalized boundary
stress-energy tensor of Horndeski gravity was obtained in Ref. [94] for asymptotically AdS planar black holes coupled
to scalar fields possessing radial dependence. For the solution presented here, the base manifold has spherical topology
and the renormalized boundary stress-energy tensor is
Tµν = 2
(
κ+
β
4
∇λφ∇λφ
)
(Khµν −Kµν)− 2ζ2
(
Rµν − 1
2
hµνR
)
+ ζ1h
µν , (45)
where the values of ζ1,2 are given in Eq. (29) and φ = φ(r). This expression is equivalent to the electric part of the
Weyl tensor in the pure gravity case [129, 130] for asymptotically AdS spacetimes. Moreover, it is covariant provided
that the intrinsic curvature tensor is expressed through contractions of the Gauss–Codazzi equation as
Rµν = Rµν − 2nλRλ(µnν) +Rλρnλnρnµnν −Rλµρνnλnρ −KµλKλν +KKµν . (46)
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We define the unit normal vector uµ that generates the flow of Euclidean time in ∂V. The mass is obtained by
integrating Tµνu
µξν over the codimension-2 boundary at infinity, Σ, where ξµ is the Killing vector associated to
Euclidean time symmetry. This yields to2
M = −
∫
Σ
d2x
√
σ Tµνu
µξν = −µ1`∞ (Λβ − α)
4G
√
3αβ
, (47)
where σ is the determinant of the induced metric on Σ (for details see [112]).
Some comments are in order. First, the mass of the solution vanishes in the degenerated sector of the theory, i.e.
α = Λβ (see Ref. [82]). Second, positivity of M when µ1`∞ > 0, alongside the absence of ghosts (α > 0) is guaranteed
by reality of scalars fields in the asymptotic region as long as Λ < 0 [see Eq. (24)]. Third, although the series expansion
of Taub-NUT and Taub-Bolt solutions are different near the fixed points, they have the same asymptotic behaviour
as r →∞. The absence of Misner strings, on the other hand, implies that the Hawking temperature in both cases is
T = (8pin)
−1
. Remarkably, there is no relation whatsoever between the bolt radius and the NUT charge, in contrast
to GR and higher-curvature theories. This stem from the fact that the metric functions f(r) and h(r) are different for
nontrivial scalar fields. Finally, it is worth mentioning that one can match M with the coefficients f2 and f¯1 by fitting
the numerical solutions with appropriate polynomials to read off the coefficients in the asymptotic expansion (41).
For Bolt, we find that M satisfies a quadratic relation in terms of rb. For NUT, however, we find that there exists a
range in the parameter f2 where M turns out to be negative. This can be avoided by restricting 1/2 < f2 . 4.1 for
the choice of parameters assumed in the numerical integration (for instance see Fig. 1).
In the following, we explore higher-dimensional p-branes and solitons with NUT charge in Horndeski gravity sup-
ported by axionic fields.
IV. HIGHER-DIMENSIONAL TAUB-NUT/BOLT BRANES AND SOLITONS WITH AXIONIC FIELDS
Axionic scalar fields have recently attracted a lot of interest, since they can be used to construct homogeneous black
strings in AdS [131]. These fields are characterized by nontrivial dependence on the coordinates of the target space
and it has been shown that they might avoid the Gregory–Laflamme instability at linear level [132], regardless the
size of the Schwarzschild-AdS black hole located on the brane [133]. Axions support the existence of homogeneous
AdS black strings in Einstein–Gauss–Bonet gravity [134] and it was shown that they must possess particular kinetic
coupling in order for these solutions to exists. Rotating black strings in Chern–Simons modified gravity [135] are
supported by axionic fields as well, representing the first analytic rotating solution with contribution of the Cotton
tensor [136] in such a framework. Here, we extend these solutions by including the NUT charge in the context of
Horndeski theory.
In order to construct D = 4 + p Taub-NUT/Bolt-AdS branes analyticall, we consider the action (1) nonminimally
coupled to p scalar fields ψi with i = 1, . . . , p, whose target space is Rp, namely
I˜H [gµν , ψi] =
∫
V
d4+px
√−g
[
κ(R− 2Λ)− 1
2
(αgµν − βGµν) δij∇µψi∇νψj
]
, (48)
where δij is the p-dimensional Kronecker delta. The field equations for this system are similar to Eqs. (5), but with
additional scalar fields, i.e.,
Eµν ≡ Gµν + Λgµν − α
2κ
T (1)µν −
β
2κ
T (2)µν = 0, (49a)
Ei ≡ ∇µJ µi = 0, (49b)
2 The minus sign on the right-hand side of the first equality stem from the fact that we are working in Euclidean signature.
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where we have defined
T (1)µν = δij
(
∇µψi∇νψj − 1
2
gµν∇λψi∇λψj
)
, (50)
T (2)µν = δij
(
1
2
∇µψi∇νψjR− 2∇λψi∇(µψjRλν) −∇λψi∇ρψjRµλνρ
− (∇µ∇λψi) (∇ν∇λψj)+ (∇µ∇νψi)ψj + 1
2
Gµν∇λψi∇λψj
− 1
2
gµν
[(
ψi
) (
ψj
)− (∇λ∇ρψi) (∇λ∇ρψj)− 2∇λψi∇ρψjRλρ]), (51)
J µi = (αgµν − βGµν)∇νψi. (52)
To solve the field equations, we consider the product space between the family of inhomogeneous Euclidean metrics
of Eq. (9) and Rp, written in local coordinates as
ds2 = f(r)
(
dτ + 2nA(k)
)2
+
dr2
h(r)
+ (r2 − n2)dΣ2(k) + δijdzidzj , (53)
where the Ka¨hler potential A(k) has been defined in Eq. (10). Although this metric is homogeneous along the
coordinates zi, we do not impose translational symmetry on the scalar fields along Rp, i.e. ψi = ψi(r, zi). The
Klein–Gordon equations (49b) are solved by scalar fields with linear dependence on the coordinates that span the
brane, that is
ψi = λzi, (54)
where λ is an integration constant usually referred to as the axionic charge. Remarkably, the on-shell energy-
momentum tensors associated to the solution (54) has the same isometries of the line element (53), despite the
linear dependence of the scalar fields on the local coordinates of Rp. This is a consequence of the shift symmetry in
the scalar fields’ space and it can be seen as a Freund–Rubin compactification [137] where the internal manifold is
flat and, instead of magnetic gauge fields, scalar fields support their existence.
The ansatz (53) alongside the scalar profile (54) allows one to decompose the field equation for the metric as
Eµ¯ν¯ =
[
1− pβλ
2
4κ
]
Gµ¯ν¯ +
[
Λ +
pαλ2
4κ
]
gµ¯ν¯ = 0, (55)
Eij = −1
2
[
1− (p− 2)βλ
2
4κ
]
δijR+
[
Λ +
(p− 2)αλ2
4κ
]
δij = 0, (56)
where barred greek and latin characters denote components of transverse and brane sections, respectively. Taking the
trace on both equations, i.e. gµ¯µ¯Eµ¯ν¯ = 0 and δijEij = 0, one obtains
R =
4
[
4Λκ+ pαλ2
]
4κ− pβλ2 , (57a)
R =
2
[
4Λκ+ (p− 2)αλ2]
4κ− (p− 2)βλ2 . (57b)
Compatibility of these two equations gives rise to a quartic equation for the axionic charge whose solution, for p 6= 2,
fixes the latter in terms of the parameters of the theory as3
λ2± =
2κ
αβp(p− 2)
[
α(p+ 2)− Λβ(p− 4)±
√
β2(p− 4)2Λ2 + 2αβΛ (p2 − 2p+ 8) + α2(p+ 2)2
]
. (58)
Reality of the scalar fields impose conditions on the parameters of the theory since λ2± > 0. Moreover, the argument
of the square root must be either positive or zero. When positive, these conditions imply that α > 0, Λ < 0, and that
3 The case when p = 2 fixes axionic charge according to λ2 = − 2κΛ
Λβ+2α
.
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0 < p < 2 β > 0 λ2− > 0 -
2 < p < 4 0 < β < ρ− λ2− > 0 λ
2
+ > 0
p = 4 0 < β < − 9α
8Λ
λ2− > 0 λ
2
+ > 0
p > 4 0 < β < ρ− ∪ β > ρ+ λ2− > 0 λ2+ > 0
TABLE I: Conditions on the parameters of Horndeski theory for the existence of Taub-NUT/Bolt-AdS p-branes in different
dimensions. Notice that the first case is allowed only when λ2− > 0. The definition of ρ± is given in Eq. (59).
λ± must lie in the range provided in Table I for different values of p. Here, for p 6= 4, the parameter ρ± has been
defined as
− Λρ±
α
=
(
p2 − 2p+ 8)±√32(p− 2)p
(p− 4)2 . (59)
When 4κ− pβλ2± 6= 0, the transverse components of the field equation for the metric can be cast into the form
Eµ¯ν¯ = Gµ¯ν¯ + Λeff gµ¯ν¯ = 0, (60)
which resembles Einstein–AdS equations with an effective cosmological and gravitational constants given by
Λeff =
4κΛ + pαλ2±
4κeff
and κeff = κ−
pβλ2±
4
, (61)
respectively. The appearance of an effective Newton constant is a consequence of the nonminimal coupling of the
scalar fields to the Einstein’s tensor in Horndeski theory. Solving Eq. (60), one obtains that the metric functions are
f(r) = h(r) = k
(
r2 + n2
r2 − n2
)
− 2MGeffr
r2 − n2 −
Λeff
3
(
r4 − 6n2r2 − 3n4)
r2 − n2 , (62)
where M is an integration constant and Geff can be read from Eq. (61) as
Geff =
G
1− 4piGpβλ2±
. (63)
Regularity conditions (11) on the hypersurfaces at constant zi, implies that the integration constant M is fixed
according to Eqs. (13) or (14), for nuts and bolts, respectively, with the replacement (G,Λ)→ (Geff ,Λeff). Moreover,
when k = 1, the absence of Misner strings on the transverse section implies that the period of Euclidean time is fixed
as βτ = 8pin. This, in turn, impose a relation between the radius of the Killing horizon and the NUT charge according
to Eq. (16) with an effective cosmological constant dressed by scalar fields as (61).
To compute the thermodynamical properties of the solution with metric functions given in Eq. (62), we focus on
spherically symmetric transverse section, i.e. k = 1, since, as mentioned in Ref. [54], the cases k = −1, 0 lead to
negative period and noncompactness of Euclidean time, respectively. First, we notice that the scalar fields with linear
profile generate an energy-momentum tensor that behaves as a cosmological constant, producing an asymptotically
locally Euclidean AdS4 × Rp space. Thus, the renormalized Euclidean action is obtained when the counterterms (4)
are chosen such that
ζ1 = −1
2
√
−Λeff
3
(
8κ+ pβλ2±
)
, (64)
ζ2 = −1
8
√
− 3
Λeff
(
8κ− pβλ2±
)
, (65)
respectively. Of course, this does not mean that the counterterms depend on the integration constants of the solution
since, recall, λ2± is fixed on shell in terms of the parameters of the theory and the dimensionality of spacetime
through Eq. (58). Thus, the renormalized Euclidean action for the Taub-NUT/Bolt-AdS p-brane with axionic profile
in Horndeski gravity is given by
Iren =
8piβτκeffV
3
(
3MGeff − 3n2rbΛeff + r3bΛeff
)
, (66)
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where V is the volume of Rp. For bolt, we obtain that the free energy, mass, entropy, and specific heat are
Fbolt = 256pi
3n2κeffV
rb
[
r2b + n
2 +
Λeff
3
(
r4b + 3n
4
)]
, (67)
Mbolt = 8piκeffV
rb
[(
r2b + n
2
) (
1 + n2Λeff
)− Λeffr2b
3
(
r2b − 3n2
)]
, (68)
Sbolt = 32pi
2nκeffV
r2b (1 + 4nrbΛeff)
[
rb
(
r2b + n
2
)
+ Λeff
(
r5b + 12r
2
bn
3 + 3rbn
4 − 4n5)
+ 4Λ2effn
3
(
r4b + 4r
2
bn
2 − n4) ], (69)
Cbolt = − 64pi
2nκeffV
r3b (1 + 4nrbΛeff)
3
[
r2b
(
r2b + n
2
)
+ 2rbΛeff
(
r5b + r
4
bn+ 16r
2
bn
3 + 3rbn
4 − 5n5)
+ 2nΛ2eff (rb + n)
(
3r6b − 3r5bn+ 12r4bn2 + 68r3bn3 − 23r2bn4 − 17rbn5 + 8n6
)
+ 16n4Λ3eff
(
5r6b + 18r
5
bn+ 27r
4
bn
2 − 16r3bn3 − 9r2bn4 + 6rbn5 + n6
)
+ 32rbn
5Λ4eff
(
3r6b + 21r
4
bn
2 − 11r2bn4 + 3n6
) ]
, (70)
respectively. The NUT case can be obtained by taking the limit rb → n on these expressions, giving
Fnut = 512pi3n3κeffV
(
1 +
2n2Λeff
3
)
, (71)
Mnut = 16pinκeffV
(
1 +
4
3
Λeffn
2
)
, (72)
Snut = 64pi2n2κeffV
(
1 + 2n2Λeff
)
, (73)
Cnut = −128pi2n2κeffV
(
1 + 4n2Λeff
)
, (74)
where the contribution of the Misner string in both cases becomes evident. It is straightforward to check that the mass
density reproduces the result of Eqs. (13) and (14) for nuts and bolts, respectively, by performing the substitution
(G,Λ) → (Geff ,Λeff). Moreover, we corroborated that these expressions satisfy the first law of thermodynamics,
namely
dM = TdS. (75)
Notice that the axionic charge does not enter here since its value is fixed on shell in terms of the parameters of the
theory. In order to have a positive mass, entropy, and specific heat, the nut charge must satisfy√
− 1
4Λeff
< n <
√
− 1
2Λeff
. (76)
Finally, we notice that a regular soliton can be obtained for p = 1, by performing a Wick rotation z → −it on the
metric (53), giving
ds2 = −dt2 + f(r) (dχ+ 2nA(k))2 + dr2
f(r)
+ (r2 − n2)dΣ2(k). (77)
Here, the metric function f(r) is given by Eq. (62) and it is supported by a time-dependent scalar field ψ = −λ±it,
whose reality condition implies that λ2± < 0 [cf. Eq. (58)]. Remarkably, we found that there exists region on the
parameter space where this condition is fulfilled for α, β > 0, namely (i) λ2− < 0 for Λ > 0, and (ii) λ
2
+ < 0 for Λ ∈ R.
To compute the mass of the soliton, we first note that there is no horizon associated to the time-like Killing vector
ξ = ∂/∂t. Since entropy arises from obstructions to foliating the spacetime with hypersurfaces of constant t due to the
presence of fixed points, it is direct to see that the entropy of this regular soliton vanishes. Therefore, the mass can
be obtained by multiplying the Euclidean on-shell action by the inverse of an arbitrary period of Euclidean time, as a
consequence of the Gibbs–Duhem relation S = βτM−Ireg [138, 139]. In fact, it was shown that this method coincides
with the conserved charge associated to the boundary stress-tensor of the Eguchi–Hanson soliton in five-dimensional
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GR [140, 141]. For k = 1, the mass of the soliton is
Mnut = 64pi
2n2κeff
(
1 +
2
3
n2Λeff
)
, (78)
Mbolt =
32pi2nκeff
rb
[
r2b + n
2 + n4Λeff +
1
3
r3bΛeff
]
, (79)
for nuts and bolts, respectively.
Some remarks are now in order. First, we notice that there is no analog in five-dimensional GR with cosmological
constant. This stem from the fact that the compatibility of the field equations would demand the vanishing of the
latter, as it can be seen from Eq. (57). Thus, the presence of scalar fields is crucial for its existence. Second, this
odd-dimensional solution can be interpreted locally as the direct product between R and the U(1) fibration over a
two-dimensional Ka¨hler manifold. Moreover, this configuration cannot be obtained from the analytical continuation
of the solutions presented in Ref. [142] due to the absence of a warped factor in the product space and, therefore, it
represents a new everywhere regular solution supported by Horndeski scalars. Finally, we notice that when Λeff < 0
and n >
√−3/(2Λeff), the mass of the NUT case is negative and this solution has lower energy than Euclidean
AdS4×R. This result represents an additional example of the one found in Ref. [141] where a soliton with less energy
than global AdS space was obtained.
V. CONCLUSIONS AND FURTHER REMARKS
The Taub-NUT/Bolt-AdS solutions bear a close resemblance with instantons in Yang–Mills theory. They represent
regular stationary Euclidean configurations whose vacuum is characterized by topologically inequivalent sectors. For
the NUT case, the Weyl tensor is globally self dual; the latter being the AdS curvature for Einstein spaces. Their
distinct properties have been widely explored and several applications in theoretical physics and differential geometry
have emerged. In this work, we show their existence in Horndeski gravity: the most general scalar-tensor theory with
second-order field equations.
To do so, we start by solving the Horndeski scalar’s zero mode analytically on a Taub-NUT/Bolt background. The
energy density in the test-field limit vanishes at the fixed points, however, the norm of the scalar current becomes
divergent. To circumvent this problem, we take into account their backreaction and impose regularity. This condition
implies that the radial component of the conserved current vanishes and, to avoid the no-hair theorem of Ref. [125],
a relation between the metric functions arises. The system reduces to Eq. (23), representing the master equation of
the metric function f(r) that we solve for nuts and bolts.
First, a locally Euclidean AdS space with a nontrivial scalar field is found, whose energy-momentum tensor gravitates
as the cosmological constant. To obtain the thermodynamical properties, we compute the Euclidean on-shell action
by adding proper counterterms [111] and found that the mass and entropy are zero and constant, respectively. This
ground state cannot be obtained continuously from global AdS, due to the presence of a stealth-like scalar field.
Afterward, we solve the system numerically and found asymptotically locally AdS solutions with NUT charge.
Performing series expansion near the fixed points, we obtain precise conditions under which the numerical solutions
deviate from the locally AdS with self-gravitating scalar field. The mass is obtained by integrating the renormalized
boundary stress-energy tensor over the boundary at infinity [see Eq. (47)]. Reality of the scalar field and positivity
of the mass impose that β > −α/Λ and Λ < 0.
In higher dimensions, we obtain a p-brane solution described by the product space between the Hopf-fibered Ka¨hler
manifold and Rp, which is supported by p Horndeski scalars with axionic profiles. The first law of thermodynamics is
satisfied and constraints on the NUT charge appear from the positivity of mass, entropy, and specific heat. Moreover,
there exists a particular region in the parameter space that admits a solitonic solution obtained from the analytical
continuation of the coordinate that span the brane with p = 1. This everywhere regular configuration has zero entropy,
nontrivial mass, and its U(1) fibration over the Ka¨hler manifold belongs to the transverse section.
Interesting questions remain open. For instance, it is well-known that scalar fields with axionic profile can be
used to construct holographic models with momentum relaxation [88, 143]. It is worth analyzing condensed matter
systems with vorticity from the AdS/CFT viewpoint, since it has been conjectured to be the holographic dual of
the NUT charge. Moreover, studying the influence of the latter in the holographic heat current is certainly valuable,
since it can be obtained directly from the Noether procedure as shown in Ref. [94]. Additionally, the holographic
two-point function of dual quantum fields theories can computed by introducing the NUT charge to describe quantum
field theories with vorticity, following the prescription of Ref. [95]. On the other hand, the relation between the
electric part of the Weyl tensor and the boundary stress-energy tensor has been explored for asymptotically AdS
spacetimes [129, 130]. Since the Taub-NUT/Bolt-AdS solution is asymptotically locally AdS and it has magnetic
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components of the Weyl tensor, their relation to the boundary stress-tensor is worth exploring. Finally, the relation
between holographic renormalization and kounterterms has been recently clarified in Ref. [116]. The role of the latter
in regularizing the entropy of the Misner string in spacetimes with AdS asymptotics is relevant and we left this for a
forthcoming publication.
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